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We study the finite-temperature scrambling behavior of a quantum system described by a Hamil-
tonian chosen from a random matrix ensemble. This effectively (0+1)-dimensional model admits
an exact calculation of various ensemble-averaged out-of-time-ordered correlation functions in the
large-N limit, where N is the Hilbert space dimension. For a Hamiltonian drawn from the Gaus-
sian unitary ensemble, we calculate the ensemble averaged OTOC at all temperatures. In addition
to an early time quadratic growth of the averaged out-of-time-ordered commutator (OTOC), we
determine that the OTOC saturates to its asymptotic value as a power-law in time, with an expo-
nent that depends both on temperature, and on one of four classes of operators appearing in the
correlation function, that naturally emerge from this calculation. Out-of-time-ordered correlation
functions of operators that are distributed around the thermal circle take a time ts ∼ β to decay
at low temperatures. We generalize these exact results, by demonstrating that out-of-time-ordered
correlation functions averaged over any ensemble of Hamiltonians that are invariant under unitary
conjugation H → U H U†, exhibit power-law decay to an asymptotic value. We argue that this
late-time behavior is a generic feature of unitary dynamics with energy conservation. Finally, by
comparing the OTOC with a commutator-anticommutator correlation function, we examine whether
there is a time window over which a typical Hamiltonian behaves as a “coherent scrambler” in the
language of Ref. [55, 56].
The propagation of quantum information, and the
thermalization of local observables in a quantum many-
body system undergoing unitary evolution have been
subjects of much recent interest. Certain universal dy-
namical properties of quantum information spreading
have been understood, such as the presence of “speed
limits” for information propagation [1], and scaling forms
for the growth of the von Neumann entanglement entropy
[2–10], which govern the approach to thermalization.
Unitary evolution also gives rise to an effectively ir-
reversible process of information scrambling, in which
initially locally accessible quantum information becomes
practically irretrievable. Scrambling may be quantified
by out-of-time-ordered correlation functions, such as the
out-of-time-ordered commutator (OTOC)
Cβ(t) ≡ 1
2
〈∣∣ [V (t),W (0)] ∣∣2〉
β
(1)
which measures the “spreading” of the operator V (t) =
U(t)V (0)U(t)† under Heisenberg evolution. While out-
of-time-ordered correlations were introduced to study
quasi-classical approximations to superconductivity [11],
they have recently been used as a diagnostic for quantum
chaos [12–28]. The exact form of certain out-of-time-
ordered correlations has also been studied in random
quantum circuits [29–33], and these correlations have
been used to characterize slow dynamics in the presence
of disorder and in the many-body localized phase [34–
41]. Experiments studying out-of-time-ordered correla-
tions [42–44] have been conducted [45–47].
Significant progress in understanding information
scrambling has been made by investigating out-of-time-
ordered correlations in (0+1)-dimensional systems, such
as the Sachdev-Ye-Kitaev (SYK) model [48, 49], a model
of 2N real (Majorana) fermions with all-to-all, random
four-fermion interactions. The SYK model develops an
approximate conformal symmetry at low energies [50],
and exhibits chaotic behavior, with the OTOC growing
exponentially Cβ(t) ∼ N−1 exp [λLt], with a Lyapunov
exponent λL = 2pi/β that saturates a known bound [15].
These observations have motivated the conjecture that
the SYK model admits a dual gravitational description.
Motivated by studies of scrambling in the SYK model,
we study the behavior of out-of-time-ordered correlation
functions at finite temperature, in a system described
by a Hamiltonian chosen from a random matrix ensem-
ble. Such a Hamiltonian will be highly non-local, and
it is instructive to compare scrambling in this effectively
(0+1)-dimensional system, with the SYK model and with
other chaotic quantum systems. We present exact cal-
culations of ensemble-averaged out-of-time-ordered cor-
relation functions, and argue that certain features of
the OTOC within a late-time window are universal for
unitary dynamics with energy conservation. We note
that unlike the SYK model, which allows for all-to-all
q-fermion couplings (typically q = 4), with q held fixed
as the number of degrees of freedom becomes large, a
typical random Hamiltonian will admit arbitrarily long-
ranged interactions.
We first consider Hamiltonians drawn from the Gaus-
sian unitary ensemble (GUE), and present an exact cal-
culation of the ensemble-averaged OTOC at any temper-
ature, in the large-N limit, where N is the dimension of
the Hilbert space of the system. From our calculation, we
identify a regime between the relaxation time of typical
observables, and a scrambling time, where the OTOC
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2grows quadratically Cβ(t) ∼ J2t2, at any temperature.
The OTOC saturates to its asymptotic value as a power-
law, with an exponent that both depends on temperature
and on one of four classes of operators appearing in the
correlation function, that naturally emerge from this ex-
act calculation. While the OTOC reaches an O(1) value
at a “scrambling time” ts ∼ 1/J , out-of-time-ordered
correlation functions that are distributed on the thermal
circle exhibit power-law decay over a time ts ∼ β at low
temperatures. We note that a previous calculation of
the out-of-time-ordered correlation function for a GUE
Hamiltonian – but restricted to infinite temperature, and
to a particular choice of operators V , W – was shown
in Ref. [51]. In our calculation, we obtain the analytic
expressions for the full time dependence of various out-
of-time-ordered correlation functions at all temperatures
in a large-N limit, which reveals several interesting fea-
tures – such as the late-time dependence of the OTOC
on the choice of operators – that we discuss at length.
We generalize our exact results by demonstrating that
the OTOC, when averaged over any ensemble of Hamil-
tonians that is invariant under unitary conjugation H →
U H U†, will (i) saturate as a power law with an exponent
that is bounded from below by a function of the density of
states and (ii) scramble over a time ts ∼ O(1/J), where J
is of the order of the width of the eigenvalue spectrum of
the Hamiltonian. Therefore, a typical Hamiltonian from
this ensemble will scramble much faster than a chaotic
quantum system. We note that the U(N) symmetry in
this ensemble of Hamiltonians – with N , the dimension
of the Hilbert space – contrasts with the small symmetry
group for a typical quantum many-body system. Never-
theless, we argue that the power-law saturation of out-
of-time-ordered correlation functions at sufficiently late
times – longer than the scrambling time, but shorter than
the inverse level spacing – is a generic feature of unitary
dynamics with energy conservation.
We conclude by defining a criterion for “coherent
scrambling”, as originally introduced in Ref. [55, 56]. A
quantum many-body system exhibits a coherent scram-
bling regime, if certain out-of-time-ordered correlation
functions can be regarded as matrix elements of a unitary
scattering matrix. This perspective is motivated by holo-
graphic calculations, in which certain out-of-time-ordered
correlation functions may be regarded as time-ordered
correlations in a “bulk” description of the system of inter-
est. We define a scattering matrix with this property and
show that unitarity requires that the commutator/anti-
commutator correlation function
Dβ(t) =
1
2
〈
[V (t),W (0)]{V (t),W (0)}
〉
β
(2)
satisfies |Dβ(t)|  Cβ(t), for times that are longer than
the relaxation time of the system (tr), when time-ordered
correlation functions have decayed to their asymptotic
values. For a random GUE Hamiltonian, this condition is
satisfied by the ensemble-averaged correlation functions
at low temperatures, and over times t . ts, but this
condition is satisfied over a much longer interval by the
SYK model at low temperatures.
We also derive a stronger condition for coherent scram-
bling, that unitarity of the scattering matrix requires that
there is some choice of operators V and W , for which
Cβ(t) ∼ |Dβ(t)|
2
〈W (0)V (t)2W (0)〉β (t & tr). (3)
We emphasize that this condition may not necessarily be
satisfied for an arbitrary choice of operators V , W . We
define the coherent scrambling time tc as the timescale
when this condition is satisfied, and show that for a
GUE Hamiltonian, tc is of the same order as the scram-
bling time of the system, at low temperatures. The con-
dition (3) seems to be violated by simple out-of-time-
ordered correlation functions of Majorana fermions in
SYK model.
In an independent forthcoming work, the entan-
glement features of the time-evolution operator for a
random Hamiltonian have been evaluated using similar
techniques [57].
I. FINITE TEMPERATURE SCRAMBLING OF
A GUE HAMILTONIAN
We begin by presenting the exact results of our finite
temperature calculation of the out-of-time-ordered com-
mutator for a Hamiltonian draw from the Gaussian uni-
tary ensemble. Let H be an N × N Hermitian Hamil-
tonian drawn from this ensemble, which is completely
specified by the following moments
Hab = 0, HabHcd =
J2
N
δadδbc. (4)
Here, the line · · · denotes an ensemble average. To di-
agnose scrambling, we compute the ensemble-averaged
out-of-time-ordered commutator Cβ(t), as defined in (1),
where 〈· · · 〉β indicates a thermal average with respect to
the Hamiltonian, at temperature T = β−1. The time-
evolved operator V (t) is given by Heisenberg evolution
V (t) = e−iHtV (0)eiHt.
A. Out-of-Time-Ordered Correlation Functions
in the Large-N Limit
For simplicity, we take V and W to be traceless Hermi-
tian operators, that initially commute [V (0),W (0)] = 0.
In the Supplemental Material [59], we calculate the out-
of-time-ordered commutator, after averaging over the
Gaussian ensemble for H. We find that to leading or-
der in the large-N limit (N →∞), that
3Cβ(t) ∼ Cβ(∞)− Cβ(t) ∼
V (0) and W (0) Example
βJ →∞
Jt→ 0
βJ → 0
Jt→ 0
βJ →∞
Jt→∞
βJ → 0
Jt→∞
Disjoint
V (0) = Xr
W (0) = Zs
J2t2 (Jt)−9/2cos(2Jt) cos3
(pi
4
+ 2Jt
)
(Jt)−6cos4
(pi
4
+ 2Jt
)
Overlap
VW = 0
V (0) = P
(+)
r Zs′
W (0) = P
(−)
r Zs
′′ (Jt)−3cos2
(pi
4
+ 2Jt
)
Tr(V W ) = 0,
Tr(V 2W 2) 6= 0
V (0) = Zr1P
(+)
r2
W (0) = P
(+)
r2 Zr3
′′ ′′
Tr(V W ) 6= 0 V (0) = Xr
W (0) = Xr
′′ (Jt)−5/2cos(2Jt) cos
(pi
4
+ 2Jt
)
(Jt)−4cos2
(pi
4
+ 2Jt
)
TABLE I. Early and Late-Time Behavior of Cβ(t). The out-of-time-ordered commutator generically grows quadratically at
early times, and exhibits power-law saturation at late times (1 Jt N), which depends on the choice of initially commuting
operators V and W . Examples of the four classes of operators are indicated, with Xr and Zr, denoting Pauli operators at site
r and P
(±)
r ≡ (1± Zr)/2. We have not indicated the temperature dependence of the O(1) constants appearing in the early or
late-time behavior of the OTOC.
Cβ(t) =
Tr
(
V 2
)
Tr
(
W 2
)
N2
[
1−
(
I1(2iJt)
iJt
)2]
+
Tr(V 2W 2)
N
(
I1(2iJt)
iJt
)2 [
1− Re
{
β
β + it
I1(2J(β + it))
I1(2βJ)
}
I1(2iJt)
iJt
]
− Tr(V W )
2
N2
β
I1(2βJ)
I1(2iJt)
it
Re
{
I1(2iJt)
iJt
F (βJ + iJt, iJt) +
I1(2βJ + iJt)
βJ + iJt
F (iJt, iJt)
}
+O(N−1) (5)
where I1(z) is the modified Bessel function of the first
kind, and the traces are taken over all states in the N -
dimensional Hilbert space. Here, the function
F (z, w) ≡
∫
dx dy
(e−wx − e−wy)(e−zx − e−zy)
(x− y)2 ρ(x)ρ(y)
where ρ(x) is the Wigner semicircle distribution ρ(x) ≡
(2pi)−1
√
4− x2 with (|x| ≤ 2), which describes the prob-
ability distribution of a single eigenvalue of a Hamilto-
nian drawn from the Gaussian unitary ensemble with
unit variance. We note that fluctuations of Cβ(t) about
its mean value are strictly zero in the large-N limit, i.e.
Cβ(t)2 = Cβ(t)
2
+ O(N−1). Therefore, our results are
valid for a typical, random Hamiltonian in the thermo-
dynamic limit.
The above expression reveals that the ensemble-
averaged out-of-time-ordered commutator behaves dis-
tinctly, depending on whether
1. V (0) and W (0) are disjoint (non-overlapping) .
2. V (0) and W (0) have overlapping support.
Within the second class of overlapping operators, the be-
havior of out-of-time-ordered quantities is further distin-
guished into three types, depending on whether the var-
ious traces of V and W appearing in (5) vanish. A sum-
mary of the leading early- and late-time behavior of the
out-of-time-ordered commutator, at both low and high
temperatures, and for the different classes of operators
are presented in Table I. Representative examples of op-
erators in the different classes are also indicated.
As shown in Table I, the out-of-time-ordered commuta-
tor grows quadratically in time, at early times and at any
temperature, and for any choice of initially commuting
operators, traceless operators V (0) and W (0). At long
times the out-of-time-ordered commutator saturates to a
value limt→∞ Cβ(t) = N−2 Tr(V 2) Tr(W 2) as a power-
law, as indicated in Table I, which depends sensitively
on the choices of operators, and on the temperature. We
note that since we are working in the large-N limit, the
indicated power-law decay to saturation in Table I is valid
for long times that are shorter than the inverse level spac-
ing, i.e. 1 Jt N .
From (5), we may extract a scrambling time, by ob-
serving that Cβ(t) exactly reaches its asymptotic value
when I1(2iJt) = 0. This condition is first satisfied at a
time t0 ≈ 1.916/J , and this provides an upper bound on
the scrambling time at any temperature. We note that
the scrambling time, as extracted from the saturation of
4the OTOC, is very different from the scrambling time
extracted from the decay of the correlation function
Fβ(t) = Tr
[
ρ1/4V (t)ρ1/4W (0)ρ1/4V (t)ρ1/4W (0)
]
(6)
where ρ ≡ e−βH/Tr(e−βH) is the thermal density ma-
trix. Operators in this correlation function are evenly
distributed on the thermal circle. Analyticity of this cor-
relation function has been used to derive bounds on the
Lyapunov exponent for chaotic quantum systems [15].
For V and W , chosen to be initially disjoint, traceless
operators, we observe that the ensemble-averaged corre-
lation function (6) is given by
Fβ(t)
Fβ(0)
=
∣∣∣∣β · I1(2iJt− (βJ/2))(4it− β) · I1(βJ/2)
∣∣∣∣4 +O(N−1) (7)
so that at low temperatures and sufficiently long times
Fβ(t)
Fβ(0)
=
(
β
4t
)6
+O(β/t)7 (t β  J−1) (8)
From this, we would conclude that the scrambling time
ts ∼ β (9)
at low temperatures. We note that power-law decay of
the correlation function (6), at sufficiently long times that
are shorter than the inverse level spacing, has been ob-
served for the SYK model [53], with the same exponent
as in Eq. (8).
We conclude this section by observing that the expres-
sion for the out-of-time-ordered commutator (5) dramat-
ically simplifies in two particular cases. First, if the op-
erators initially have disjoint support, then we find that
Cβ(t) =
Tr(V 2W 2)
N
Re
[
1− β I1(2βJ + 2iJt)
(β + it)I1(2βJ)
[
I1(2iJt)
iJt
]3 ]
Alternatively, if the operators initially overlap, and sat-
isfy V W = 0, then
Cβ(t) =
Tr(V 2) Tr(W 2)
N2
[
1−
(
I1(2iJt)
iJt
)2]
(10)
In the latter case, the out-of-time-ordered commutator
has no temperature dependence to leading order in the
large-N limit. An example is given by taking V (0) =
ZrP
(+)
s , W (0) = Zr′P
(−)
s , where Zr is a Pauli Z operator
at site r, while P
(±)
r ≡ (1 ± Zr)/2 is a projector onto
Zr = ±1. While these operators commute and are each
traceless, their product vanishes since P
(+)
s P
(−)
s = 0.
B. Comparison with a Chaotic Quantum System
It is instructive to compare the behavior of the
ensemble-averaged OTOC with the behavior of the same
quantity in a “chaotic” quantum system with N degrees
of freedom, in which the OTOC exhibits exponential
growth in a parametrically large window of time
Cβ(t)chaos ∼ 1N e
(2pit/β)κ (tr  t ts) (11)
As indicated, this functional form is valid at times much
larger than the relaxation time of the system
tr ∼ β (12)
which defines the timescale over which time-ordered cor-
relation functions decay to their asymptotic values. Fur-
thermore, t is much smaller than the scrambling time
ts ∼ β
2piκ
logN (13)
at which the OTOC reaches an O(1) value. The param-
eter κ is the dimensionless Lyapunov exponent, which
is known to satisfy the bound 0 ≤ κ ≤ 1 [15]. In the
SYK model of 2N Majorana fermions with all-to-all four-
fermion interactions, for example, the OTOC takes the
form (11), with the exponent κ → 1 as β →∞.
We may draw two comparisons between a chaotic
quantum system and the ensemble-averaged OTOC (5).
First, we observe that a typical Hamiltonian scrambles
much more quickly than a chaotic quantum system with
the same number of degrees of freedom, temperatures,
and typical energy scales. To draw this comparison, we
fix N ∼ exp(N ), and require that the extensive en-
ergy scale J in our random matrix model is fixed as
J ∼ J N , where J is the typical strength of a local
interaction in the chaotic quantum system. In this case,
at sufficiently low temperatures βJ  N−1, the regime
β  t  (β/2piκ) logN over which Cβ(t)chaotic grows
exponentially (11), corresponds to times that are much
longer than the scrambling time of our model, ts ∼ 1/J ,
and in this regime, Cβ(t) ∼ O(1).
We observe that a typical Hamiltonian scrambles faster
than a chaotic quantum system since the typical range of
an interaction will be of order N , unlike systems with lo-
cal interactions or all-to-all q-body interactions, for which
q/N → 0 as N → ∞, such as the SYK model. As we
show in Sec. II, the “fast scrambling” property of our
model is intrinsically linked to the invariance of our en-
semble of Hamiltonians under unitary conjugation.
We may draw a second comparison with a chaotic
quantum system by identifying the relaxation and scram-
bling times for observables in our model, and extracting
the behavior of Cβ(t) in this intermediate regime. For
traceless operators V and W , which are initially disjoint,
we observe that the relaxation time is strictly zero in
the large-N limit, since ensemble-averaged time-ordered
correlation functions such as
〈V (t)W (0)〉β = O(N−1) (14)
〈W (0)V (t)2W (0)〉β = Tr(V
2) Tr(W 2)
N
(15)
5immediately reach their asymptotic values. As a result,
for these observables, there is a tunable separation be-
tween relaxation and scrambling times. In the large-N
limit, the growth of Cβ(t) for disjoint operators in the
window 0 t J−1 is given by
Cβ(t) =
Tr(V 2W 2)
N
[
J2t2
(
7
2
− 3
βJ
I2(2βJ)
I1(2βJ)
)
+O(J4t4)
]
The quantity in parentheses is an O(1) constant for any
value of βJ . For these observables, the early-time decay
of the correlation function (6) is also quadratic, i.e.
Fβ(t)
Fβ(0)
= 1− 8J2t2
[
1− 6 I2(βJ/2)
βJ I1(βJ/2)
− I2(βJ/2)
2
I1(βJ/2)2
]
+O(J3t3)
when Jt  1. The quadratic time-dependence of out-
of-time-ordered quantities within this window between
typical relaxation and scrambling times contrasts with
the exponential growth of the OTOC in a chaotic system.
II. SCRAMBLING FROM SYMMETRY
While the calculations and results presented in the pre-
vious section are for Hamiltonians drawn from the Gaus-
sian unitary ensemble in the large-N limit, certain fea-
tures of the out-of-time-ordered commutator are univer-
sal, when averaging over an ensemble of Hamiltonians
that are related by unitary transformations
H −→ U H U† (16)
where U is any N ×N unitary matrix. Given any Hamil-
tonian, the ensemble (16) corresponds to a uniform distri-
bution over all Hamiltonians with identical energy spec-
tra. This symmetry transformation is explicitly manifest
for the ensemble of Hamiltonians drawn from distribu-
tions of the form P (H) ∼ exp[−N∑m cm Tr(Hm)], such
as the Gaussian unitary ensemble.
In the the Supplemental Material [59], we demonstrate
that any ensemble of Hamiltonians that is invariant un-
der the transformation (16) exhibits a power-law decay
of the out-of-time-ordered commutator to its asymptotic
value at late times, in the large-N limit. Without loss
of generality, we state our result for the case where the
density of states ρ() is smooth, and non-zero only within
a window of energies [−2J, 2J ]; then, we show that the
scrambling time
ts ∼ J−1 (17)
and that the OTOC decays to its asymptotic value as a
power law that is at least as fast as
Cβ(∞)− Cβ(t) . t−2 ρ ′(2J − t−1) (18)
with ρ′() the derivative of the density of states. This
bound is valid at any temperature, and for any choice
of operators appearing in the OTOC, though the exact
decay of the OTOC will depend on these parameters. As
an example, for the Wigner semicircle distribution, there
is a square-root singularity at the edge of the eigenvalue
spectrum, so that ρ ′(2J − t−1)/t2 ∼ (Jt)−3/2. If the
derivative of the density of states is smooth, then (18)
predicts that
Cβ(∞)− Cβ(t) ∼ (Jt)−α (Jt 1) (19)
with the exponent α ≥ 2, to leading order in 1/(Jt).
More generally, if the density of states is not a smooth
function, the above expressions are modified by replacing
2J in (17) and (18) with the difference in energy between
the point at which the derivative of the density of states
is most singular, and the center of the density of states.
We believe that the power-law decay of the OTOC at
times larger than the scrambling time, but smaller than
the inverse level spacing (ts  t  N/J), is generic for
any unitary evolution with energy conservation. Given
a many-body Hamiltonian (H) with local interactions, a
typical Hamiltonian drawn from the ensemble obtained
by unitary conjugation (16) will be highly non-local, so
that the early-time growth of the averaged OTOC will
not resemble the growth of the OTOC for the Hamilto-
nian of interest. The scrambling time ts sets a scale over
which the OTOC varies appreciably, and effectively en-
codes the locality of H. From the expressions derived for
the OTOC, we believe that at times of order the scram-
bling time, the locality of the Hamiltonian only enters
through this timescale, so that the late-time behavior of
the OTOC should be given by Cβ(∞)−Cβ(t) ∼ (ts/t)α,
with α ≥ 2, from Eq. (18). Indeed, power-law decay of
this form has been seen in a range of systems including
the SYK model [52, 53], and in the many-body localized
phase [37], though in the latter case, the numerically ob-
served behavior appears to violate the condition α ≥ 2.
We conclude by reviewing the argument in the Sup-
plemental Material [59], that leads to the conditions (17)
and (18). Our reasoning proceeds by observing that the
ensemble-averaged OTOC may be calculated by first per-
forming the unitary transformationH → U H U†, and av-
eraging over the choice of random unitary matrix U . By
studying the structure of the unitary average, we show
that the decay of the out-of-time-ordered commutator to
its asymptotic value is set by a power-law that depends
on the singular structure of the density of states. We
further verify our argument by calculating the OTOC
for the non-Gaussian random matrix ensemble, defined
by the probability distribution
P (H) ∼ exp
{
−N
[
1
2
Tr(H2)− g
4
Tr(H4)
]}
(20)
in the Supplemental Material [59]. For this ensemble,
the exact eigenvalue distribution is known in the large-N
limit [54], and the distribution is non-zero over an interval
of width ∼ O(g−1/4), when g  1. We verify from the
exact calculation that the scrambling time indeed grows
6as ts ∼ g1/4 and that the power-law approach of the out-
of-time ordered correlator to its asymptotic value satisfies
the bound (18).
III. COHERENT SCRAMBLING
The growth of out-of-time ordered correlation func-
tions describes the spreading of local perturbations un-
der Heisenberg evolution, and the delocalization of quan-
tum information. For systems with a holographic dual,
certain out-of-time ordered correlation functions can be
recast as time-ordered correlations in the appropriate
“bulk” description. This suggests that in a generic many-
body system, the growth of out-of-time-ordered correla-
tions can probe the presence of a dual description of the
system of interest, if the out-of-time-ordered correlation
function is viewed as the matrix element of an appropri-
ately defined scattering matrix.
A scattering matrix with certain matrix elements cor-
responding to out-of-time-ordered correlation functions
was introduced in Ref. [55, 56], and the unitarity of
this scattering matrix over a parametrically large win-
dow of time – termed “coherent scrambling” – appears
to be a feature of maximally chaotic quantum systems
[55]. In the formulation of Ref. [55, 56], however, the
scattering matrix defines an “embedding” of the Hilbert
space of the system of interest into the Hilbert space of
an auxiliary quantum system, chosen such that certain
time-ordered correlation functions are approximately the
same between the two.
In this section, we take a brief detour from our previous
discussion to present a formulation of the ideas presented
in Ref. [55, 56], by defining a scattering matrix that
makes no reference to such an embedding in an auxiliary
quantum system, which permits us to define “coherent
scrambling” for an arbitrary quantum many-body sys-
tem. Demanding that this scattering matrix is unitary
naturally leads to the condition on certain out-of-time-
ordered correlation functions, as shown in Eq. (25). We
note that the essential ideas presented here are found in
Ref. [55, 56]. We then demonstrate that this condition is
satisfied by the out-of-time-ordered correlation functions
computed for our random matrix problem over a small
window of time when Jt  1. We note that the con-
ditions derived here are necessary, but not sufficient, for
the scattering matrix to be unitary.
A. Defining Coherent Scrambling in a Generic
Many-Body System
We begin by defining “coherent scrambling” for a
generic quantum many-body system. Consider a Hamil-
tonian H for our system of interest, and let V and W be
Hermitian operators that initially commute. We assume,
for the entirety of our discussion, that there is a tunable
separation between relaxation (tr) and scrambling times
(ts), and that we are probing the behavior of our system
in this window tr  t ts. We now define the state
|W (0)V (t)〉 ≡
∑
m
e−βEm/2√
NV,W Z
W (0)V (t) |m〉 ⊗ |m〉 (21)
with V (t) = e−iHtV (0)eiHt, and with |m〉, an eigenstate
ofH with energy Em. That is, |W (0)V (t)〉 is the state de-
fined by acting with the indicated operators on one copy
of the thermofield double state of the system. The factors
Z ≡ Tr(e−βH) andNV,W ≡ 〈V (t)W (0)2V (t)〉β guarantee
that the state is normalized 〈W (0)V (t) |W (0)V (t)〉 = 1.
We now define a scattering matrix S that acts within
the Hilbert space of states of the form (21), by the con-
dition that its diagonal matrix elements are proportional
to an out-of-time-ordered correlation function of the op-
erators that define the state. Specifically,
〈W (0)V (t)| S |W (0)V (t)〉 ≡ 〈V (t)W (0)V (t)W (0)〉β〈W (0)V (t)2W (0)〉β
We may rewrite the above condition in a more sug-
gestive form. For notational convenience, we denote
〈W (0)V (t)| S |W (0)V (t)〉 simply as 〈 S 〉, and write
〈 S 〉 = 1 + Dβ(t)− Cβ(t)〈W (0)V (t)2W (0)〉β (22)
where Cβ(t) = (−1/2)〈[V (t),W (0)]2〉β is the out-of-time-
ordered commutator, as defined in (1), while
Dβ(t) ≡ 1
2
〈
[V (t),W (0)] {V (t),W (0)}
〉
β
(23)
with {· · · } denoting the anti-commutator. The matrix
〈 S 〉 ≈ 1 for times close to the relaxation time t → tr,
when the out-of-time-ordered quantities Cβ and Dβ are
small. In a chaotic quantum system, the deviation from
unity will be suppressed by O(1/N ). This is consistent
with the fact that a scattering matrix should act as the
identity at sufficiently early times.
At times t & tr, when time-ordered correlation func-
tions have decayed to near their asymptotic values, we
assume that
〈W (0)V (t)2W (0)〉β ≈ 〈V (t)W (0)2V (t)〉β (24)
We note that Cβ(t) is real, and with the above as-
sumption, Dβ(t) is purely imaginary when t & tr. If
we express the scattering matrix as S = exp (iεM),
then when the out-of-time-ordered correlation functions
|Dβ(t)|, Cβ(t)  1, we may expand the scattering ma-
trix as S = 1 + iεM−(ε2/2)M2 + · · · . If S is uni-
tary, thenM is Hermitian, and we are forced to identify
Dβ(t) ≈ i〈M〉 and Cβ(t) ≈ (2/2)〈M2〉, so that
|Dβ(t)|  Cβ(t) (t & tr) (25)
when |Dβ(t)|, Cβ(t)  1. This condition can only be
satisfied at sufficiently low temperatures, since Dβ(t) is
exactly zero for any system at infinite temperature.
7A more precise condition for the unitarity of the scat-
tering matrix may be derived, if we make the additional
assumption that maxV,W 〈M〉 ∼ O(||M ||), i.e that for
a particular choice of operators V and W , the expecta-
tion value 〈M〉 is of the same order as the operator norm
of M; this is a reasonable assumption, since V and W
can be arbitrary Hermitian operators. With this, we ob-
serve that the unitarity of the scattering matrix at times
when |Dβ(t)|, Cβ(t) 1 requires that for some choice of
operators V and W ,
Cβ(t) ∼ |Dβ(t)|
2
〈W (0)V (t)2W (0)〉β (26)
We define the coherent scrambling time tc as the
timescale over which Eq. (26) is satisfied; this defines a
time over which the S matrix becomes appreciably non-
unitary. We note that the above condition need not be
satisfied by the out-of-time-ordered correlation functions
for an arbitrary choice of operators V and W .
For the SYK model of 2N Majorana fermions inter-
acting via four-fermion interactions, and with typical in-
teraction strength J , the behavior of these out-of-time-
ordered correlation functions for fermion operators1 at
low temperatures 1 β J  N is given by [55, 58]
Cβ(t) ∼ 1N e
2pitκ/β |Dβ(t)| ∼ βJN e
2pitκ/β (27)
at times β  t O(β logN ). As a result, the condition
|Dβ(t)|  Cβ(t) is satisfied throughout this window of
time. However, the second condition (26) appears to be
violated by out-of-time-ordered correlation functions of
the Majorana fermions.
B. Coherent Scrambling for a GUE Hamiltonian
We now demonstrate that for a random, GUE Hamil-
tonian, the coherent scrambling condition (26) is satisfied
over a short window of time, when t  J−1. First, for
a GUE Hamiltonian, we determine that for traceless op-
erators V and W that initially commute, the ensemble-
averaged quantity Dβ(t) is given by the following expres-
sion in the large-N limit [59]:
Dβ(t) = i
Tr (VW )
2
N2
β
I1(2βJ)
I1(2iJt)
it
Im
{
I1(2iJt)
iJt
F (βJ + iJt, iJt) +
I1(2βJ + 2iJt)
βJ + iJt
F (iJt, iJt)
}
(28)
+ i
Tr
(
V 2W 2
)
N
Im
{
β
β + it
I1(2βJ + 2iJt)
I1(2βJ)
}[
I1(2iJt)
iJt
]3
+O(N−1)
As with the out-of-time-ordered commutator, we observe
that Dβ(t) strictly vanishes at a time t = t0 ≈ 1.916/J .
To understand whether a random Hamiltonian satisfies
our “coherent scrambling” condition, we note that for
initially overlapping operators V and W , whose product
vanishes, Dβ(t) is trivially zero in the large-N limit
Dβ(t) = 0 +O(N
−1) (V W = 0) (29)
For the three other classes of operators, Dβ(t) grows lin-
early at early times. Specifically, for disjoint, traceless
operators V and W , for which there is a tunable separa-
tion between relaxation and scrambling times, we observe
that in the large-N limit
Dβ(t) =
Tr(V 2W 2)
N
[
iJt
(
2 I2(2βJ)
I1(2βJ)
)
+O(Jt)3
]
(30)
1 The OTOC for fermion operators is defined as in Eq. (1), with
the commutator replaced by the anti-commutator, while the defi-
nition of Dβ(t) is the same as in Eq. (23). With this re-definition
of the OTOC, our definition of the scattering matrix, and the
condition for unitarity at early times presented in Eq. (26), are
unchanged.
when 0  t  J−1. This immediately implies that the
ensemble-averaged out-of-time-ordered correlation func-
tions satisfy the condition (26) at low temperatures
Cβ(t) ∼ |Dβ(t)|
2
〈W (0)V (t)2W (0)〉β (βJ  1) (31)
and at times 0  t  J−1. In other words, at low
temperatures, the coherent scrambling time – the regime
where the above condition is satisfied – is of the same
order as the scrambling time
tc ∼ ts ∼ J−1 (32)
The condition (26) does not appear to be satisfied by the
the out-of-time-ordered correlation functions of the Ma-
jorana fermions in the SYK model at low temperatures,
as can be seen from Eq. (27); we are unaware if this
condition is satisfied by other operators in the theory.
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9Appendix A: Details of the OTOC Calculation for
Initially Disjoint Operators
We outline the calculation of the ensemble-averaged
out-of-time-ordered correlator
〈V (t)W (0)V (t)W (0)〉β (A1)
when the Hermitian operators V (0) and W (0) are dis-
joint (i.e. their support is non-overlapping), so that
Tr(VW ) = N−1 Tr(V ) Tr(W ). We first calculate the
above quantity when V and W are traceless. The gener-
alization to operators with a non-zero trance is straight-
forward, and is presented at the end of this section.
We wish to perform an average over the Gaussian uni-
tary ensemble for the Hamiltonian H, i.e. H is dis-
tributed according to
P (H) ∼ exp
[
−N
2
Tr(H2)
]
. (A2)
We note that this corresponds to setting J = 1 in
the distribution quoted in the main text. We re-
store the dependence on J at the end of our calcu-
lation. In the large-N (N → ∞) limit, only non-
crossing contractions of H contribute to leading order
in N . This means, for example, that H4 = HHHH +
HHHH + O(N−1) = 21N×N + O(N−1). For a trace-
less operator O, we observe that in the large-N limit,
HnOHm = HnOHm since all other terms that con-
tract H across the operator O are proportional to its
trace, and therefore vanish.As a consequence, we observe
that in the large-N limit, Hn V HmW Hp V HqW =
Hn V HmW Hp V HqW when V , W are traceless. Using
these properties, we now compute the averaged OTOC
that appears in the expression for Cβ(t). First, from the
fact that only non-crossing contractions contribute to the
GUE average at leading order in N , we observe that the
ensemble-average of the products of traces of operators,
factorizes in the large-N limit. Therefore,
〈V (t)W (0)V (t)W (0)〉β =
Tr [e−βHV (t)W (0)V (t)W (0)]
Tr [e−βH ]
(A3)
where we have used the simplification in the large-N limit
to rewrite the third line, leading to the final expression.
Letting Mβ(t) ≡ Tr [e−βHV (t)W (0)V (t)W (0)] , we now
observe that
Mβ(t) =
∞∑
n,m,p,q=0
(−β − it)n(it)m(−it)p(it)q
n!m! p! q!
(A4)
× Tr [Hn V HmW Hp V HqW ]
We may evaluate this expression, by observing thatHn =
N−1 Tr
(
Hn
)
1N×N = λn 1N×N where
λn =
1
2pi
∫ 2
−2
dλλn
√
4− λ2 (A5)
is the nth moment of the Wigner semi-circle distribution,
which describes the probability distribution of a single
eigenvalue of the matrix H. Clearly λn = 0 for odd n.
When n is even, we find that
λ2n =
(2n)!
(n!)2 (n+ 1)
(A6)
We simplify the expression (A9) to obtain
Mβ(t) =
∞∑
n,m,p,q=0
(−β − it)n(it)m(−it)p(it)q
n!m! p! q!
λn · λm · λp · λq Tr (V 2W 2) = Tr (V 2W 2) f(it)2 f(−β − it) f(−it)
(A7)
where
f(x) ≡
∞∑
n=0
xn λn
n!
=
∞∑
n=0
x2n
(n!)2 (n+ 1)
=
I1(2x)
x
(A8)
where I1(x) is the modified Bessel function of the first
kind. We observe that f(x) = f(−x), so that
Mβ(t) = Tr
(
V 2W 2
) I1(2β + 2it)
β + it
(
I1(2it)
it
)3
(A9)
Finally, we observe that Tr(e−βH) = N f(−β).
We now use the above expressions to determine
the ensemble-averaged out-of-time-ordered commutator
(OTOC) between operators V and W , that are initially
disjoint. Expanding the definition of the OTOC, we ob-
serve that
Cβ(t) =
1
2
〈V (t)W (0)2V (t)〉β + 1
2
〈W (0)V (t)2W (0)〉β
− Re
[
〈V (t)W (0)V (t)W (0)〉β
]
(A10)
The ensemble-averaged OTOC may be evaluated, using
the properties derived previously. To leading order in
the large-N expansion, the first two terms in (A10) are
equivalent after averaging:
〈V (t)W (0)2V (t)〉β = 〈W (0)V (t)2W (0)〉β
10
and that
〈V (t)W (0)2V (t)〉β = N−2Tr
(
V 2
)
Tr
(
W 2
)
(A11)
Here, we have used the fact that V (0) and W (0) are
disjoint to simplify the expression. Using these relations,
as well as the expression (A9), we conclude that when
V (0) and W (0) are disjoint, the OTOC is given by the
expression
Cβ(t) =
Tr(V 2) Tr(W 2)
N2
Re
[
1− βI1(2β + 2it)
(β + it) I1(2β)
(
I1(2it)
it
)3]
as presented in the main text.
When V and W are not traceless, only the overall pref-
actor in the above expression is different. This can be
easily seen by rewriting V (t) and W as
V (t) = OV (t) + 1
N
Tr (V )
W (0) = OW + 1
N
Tr (W )
where OV and OW are traceless, Hermitian operators.
We then find that
〈V (t)W (0)V (t)W (0)〉β = 〈OV (t)OWOV (t)OW 〉β + 1
N2
Tr (W )
2 〈OV (t)2 〉β + 1
N2
Tr (V )
2 〈OW (0)2 〉β + 1
N4
Tr (V )
2
Tr (W )
2
We now observe that
〈O 2V 〉β =
1
N
(
Tr
(
V 2
)− 1
N
Tr (V )
2
)
(A12)
and similarly for 〈O 2W 〉β . Using (A9), along with the
above expression, we may write the ensemble-averaged
OTOC after defining the function
g(V,W ) =
1
N2
Tr
(
V 2
)
Tr
(
W 2
)− 1
N3
Tr
(
V 2
)
Tr (W )
2
− 1
N3
Tr (V )
2
Tr
(
W 2
)
+
1
N4
Tr (V )
2
Tr (W )
2
This leads to the expression
Cβ(t) = g(V,W ) Re
[
1− βI1(2β + 2it)
(β + it) I1(2β)
(
I1(2it)
it
)3]
A similar calculation leads to the expression for Dβ(t)
presented in the main text.
1. Asymptotic Behavior of Cβ(t) and Dβ(t) for
Initially Disjoint Operators
Consider the expression for Cβ(t), for traceless, Her-
mitian operators V and W , that are initially disjoint.
Without loss of generality, we take these to be simple
Pauli operators that satisfy V 2 = W 2 = 1. In this case
we observe that at early times
lim
t→0
Cβ(t) =
(
7
2
− 3 I2(2β)
β I1(2β)
)
t2 +O(t3) (A13)
lim
t→0
Dβ(t) = i
2 I2(2β)
I1(2β)
t+O(t3) (A14)
At high temperatures (β → 0), we observe that
lim
β→0
Cβ(t) = 1−
(
I1(2it)
it
)4
+O(β2) (A15)
lim
β→0
Dβ(t) =
2β
it
I2(2it)
(
I1(2it)
it
)3
+O(β2) (A16)
Finally, at low temperatures (β →∞),
lim
β→∞
Cβ(t) = 1−
(
I1(2it)
it
)3 [
cos(2t) +
3t
2β
sin(2t)
]
+O(β−2)
lim
β→∞
Dβ(t) = i
(
I1(2it)
it
)3 [
sin(2t)− 3t
2β
cos(2t)
]
+O(β−2)
(A17)
Appendix B: Details of the OTOC Calculation for
Initially Overlapping Operators
We now outline the calculation of the OTOC, when
the operators V (0) and W (0) have overlapping support.
We assume, for simplicity, that V and W are traceless
Tr(V ) = Tr(W ) = 0. In this case, there are three different
contributions to an ensemble-averaged quantity of the
form
Tr(HnV HmWHpV HqW ) (B1)
which are given below
I. Tr(Hn V HmW Hp V HqW )
II.
n−1∑
r=0
p−1∑
s=0
Tr
(
HrHHn−r−1V HmWHsHHp−s−1V HqW
)
III.
m−1∑
r=0
q−1∑
s=0
Tr
(
HnV HrHHm−r−1WHpV HsHHq−s−1W
)
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The second and third terms in the above expression
vanish if Tr(VW ) = 0. We now observe that the second
term may be simplified as follows, in the large-N limit
1
N
n−1∑
r=0
p−1∑
s=0
Tr
(
Hp+r−s−1V HqW
)
Tr
(
Hn+s−r−1V HmW
)
=
Tr(VW )2
N
λm λq cn,p +O(N
0) (B2)
where
cn,p ≡
n−1∑
r=0
p−1∑
s=0
λp+r−s−1 λn+s−r−1 (B3)
and λn denotes an average with respect to the Wigner
semicircle distribution ρ(λ) ≡ 12pi
√
4− λ2 Θ(2−|λ|). Us-
ing these expressions, we rewrite cn,p as
cn,p =
∫
dx dy ρ(x) ρ(y)
xp − yp
x− y
xn − yn
x− y (B4)
Similarly, the third contribution to (B1) evaluates to
N−1 Tr(VW )2λn λp cm,q.
Using the above relations, and after defining the func-
tion F (z, w), by the expression
F (z, w) =
∫
dx dy ρ(x)ρ(y)
(e−wx − e−wy)(e−zx − e−zy)
(x− y)2
(B5)
we evaluate the ensemble-averaged out-of-time-ordered
correlator to obtain
〈V (t)W (0)V (t)W (0)〉β = β
N I1(2β)
∞∑
n,m,p,q=0
(−β − it)n(it)m(−it)p(it)q
n!m! p! q!
Tr [Hn V HmW Hp V HqW ] (B6)
=
Tr (VW )
2
N2
β
I1(2β)
I1(2it)
it
[
I1(2it)
it
F (β + it, it) +
I1(2β + 2it)
β + it
F (it, it)
]
+
Tr
(
V 2W 2
)
N
β
β + it
I1(2β + 2it)
I1(2β)
(
I1(2it)
it
)3
We may now obtain the final expression for the ensemble-
averaged out-of-time-ordered commutator Cβ(t). We
observe that to leading order in the large-N limit,
ensemble-averaged quantities 〈V (t)W (0)2V (t)〉β and
〈W (0)V (t)2W (0)〉β are equal and given by
〈V (t)W (0)2V (t)〉β = 〈W (0)V (t)2W (0)〉β
=
(
I1(2it)
it
)2 [
Tr(V 2W 2)
N
− Tr(V
2) Tr(W 2)
N2
]
+
Tr
(
V 2
)
Tr
(
W 2
)
N2
(B7)
which generalizes the expression in (A11). From this ex-
pression, and from (B6), we obtain the expression for
Cβ(t) that appears in the main text.
From (B7) and (B6), we may construct the ensemble-
averaged quantities Cβ(t) and Dβ(t). For simplicity of
presentation, however, we choose to restrict ourselves to
the case where V (0) = W (0) = Xr where Xr is a Pauli
operator, so that X2r = 1. Then, the ensemble averaged
quantities take the form
Cβ(t) = 1− β
I1(2β)
I1(2it)
it
Re
{
I1(2it)
it
F (β + it, it) +
I1(2β + 2it)
β + it
F (it, it)
}
− Re
{
β
β + it
I1(2β + 2it)
I1(2β)
}[
I1(2it)
it
]3
Dβ(t) =
iβ
I1(2β)
I1(2it)
it
Im
{
I1(2it)
it
F (β + it, it) +
I1(2β + 2it)
β + it
F (it, it)
}
+ iIm
{
β
β + it
I1(2β + 2it)
I1(2β)
}[
I1(2it)
it
]3
At infinite temperature, the out-of-time-ordered com- mutator takes the form
C0(t) = 1− 2
(
I1(2it)
it
)2
Re
{
F (it, it)
}
−
(
I1(2it)
it
)4
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FIG. 1. The propagator and four-point vertex appearing in
the diagrammatic calculation of correlation functions for the
non-Gaussian distribution in (C1).
Using the early-time, high-temperature behavior of
F (β + it, it) = −t2 + iβt+O(β2t2), and that I1(2)/ =
1 + (2/2) + O(4) as  → 0, we find that the early-time
behavior of the out-of-time-ordered quantities as β → 0
is
Cβ(t) = 4t
2 +O(β2t2) (β, t→ 0) (B8)
Dβ(t) = 2iβt+O(β
2t2) (B9)
From the asymptotic form of F (β+it, it) at long times,
and using the fact that I1(2it)/it ∼ cos
[
pi
4 + 2t
]
/t3/2 as
t→∞, and β → 0, we find that
Cβ(t) ∼ 1−
cos2
[
pi
4 + 2t
]
t4
+O(t−4β, t−5) (B10)
At low temperatures, we derive the asymptotic behav-
ior of the out-of-time-ordered correlation functions by ob-
serving that as β →∞,
β
I1(2β)
= e−2β2
√
pi
[
β3/2 +O(β5/2)
]
β
β + it
I1(2β + 2it)
I1(2β)
= e2it +O(β−1) (B11)
Using these facts, and with the asymptotic behavior of
F (β + it, it) low temperatures, we determine that the
OTOC grows quadratically ∼ J2t2 in time at early times,
while Dβ(t) ∼ iJt.
Appendix C: Non-Gaussian Random Matrix
Ensembles
We may also consider the non-Gaussian random matrix
ensemble, with probability density
P (H) ∼ exp
{
−N
[
1
2
Tr(H2)− g
4
Tr(H4)
]}
(C1)
Correlation functions with respect to this distribution
may be evaluated, by employing a diagrammatic ex-
pansion in powers of g, using the Feynman diagrams
shown in Fig. 1. Let the Hermitian operators V and W
be traceless, and have non-overlapping support at time
t = 0. In this case, the correlation functions of the form
Tr(HnV HmWHpV HqW ) factorize in the same way as
in (??), since any insertions of the vertex shown in Fig.
1 that involve factors of H that “cross” an operator O,
will be proportional to Tr(O). Therefore,
Tr(HnV HmWHpV HqW ) = Tr(HnV HmWHpV HqW )
In the large-N limit, the probability distribution for a
single eigenvalue of H is known to be [54]
ρ(λ) = a2
(
1 + 8g a2 + 4gλ2
)√4 a2 − λ2
2pia2
Θ(2a− |λ|)
(C2)
where the constant a is determined from the coupling
constant g by the expression [54]:
a2 =
−1 +√1 + 48g
24g
. (C3)
We now observe that
λ2n = 2 a2n+2
[(
4ga2 +
1
2
)
(2n)!
(n!)2(n+ 1)
+ 2ga2
(2n+ 2)!
(n+ 1)!2(n+ 2)
]
(C4)
while λ2n+1 = 0. Then, we observe that
Q(z, g) ≡
∞∑
n=0
znλn
n!
= a2(1 + 8ga2)f(az) + 4ga4h(az)
where
f(z) ≡ I1(2z)
z
(C5)
h(z) ≡ 2 I2(2z)
z2
+
4 I3(2z)
z
(C6)
and In(z) is the nth modified Bessel function of the first
kind.
From these expressions, and using the fact that
Q(z, g) = Q(−z, g), we derive the ensemble-averaged out-
of-time-ordered commutator for two operators V and W
that are traceless, and disjoint at time t = 0:
〈V (t)W V (t)W 〉β = Tr(V
2W 2)
N
Q(β + it, g)Q(it, g)3
Q(β, g)
(C7)
And therefore,
Cβ(t) =
Tr(V 2W 2)
N
[
1− Re
{
Q(β + it, g)
Q(β, g)
}
Q(it, g)3
]
(C8)
Dβ(t) =
Tr(V 2W 2)
N
Im
{
Q(β + it, g)
Q(β, g)
}
Q(it, g)3 (C9)
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We observe that as g → ∞, a2 = (1/24)√48/g +
O(g−1). From the form of Q(z, g), we note that Q(it, g)
should vanish at a time t when iat ∼ O(1). As a result,
the “scrambling time” – when the out-of-time-ordered
commutator saturates – grows as ts ∼ g1/4 when g is
large.
Appendix D: Behavior of the OTOC for Ensembles
with H → UHU† Symmetry
We argue that the OTOC for an ensemble of Hamilto-
nians invariant under the unitary transformation
H −→ UHU† (D1)
where U is any N × N unitary, has a universal, power-
law decay to its asymptotic form. Our argument pro-
ceeds by observing that this ensemble-averaged OTOC
may be calculated by first performing the unitary trans-
formation H → UHU†, and averaging over the choice of
unitary matrix U – which we take to be Haar random, i.e.
uniformly distributed over the group of N × N unitary
matrices. Therefore,
〈V (t)W (0)V (t)W (0)β =
EU Tr
{
Ue−(β+it)HU†V UeiHtU†WUe−iHtU†V UeiHtU†W
}
Tr(e−βH)
where EU denotes the average over the Haar-random uni-
tary U .
Performing the unitary average results in an expression
of the form
EU Tr
{
Ue−(β+it)HU†V UeiHtU†WUe−iHtU†V UeiHtU†W
}
=
1
N
Tr(V 2W 2)h1(β, t) +
Tr(VW )2
N2
h2(β, t)
+
Tr(V 2) Tr(W 2)
N2
h3(β, t) (D2)
Here, each function h1, h2 and h3 is a weighted sum of
traces of various products of the four operators e±iHt and
e−(β+it)H that appear in (D2); for illustrative purposes,
we write out the terms that appear in the expansion of
one of the functions
h1(β, t) =
c1
N4
Tr(eiHt)2 Tr(e−iHt) Tr(e−(β+it)H)
+
c2
N3
Tr(eiHt)2 Tr(e−(β+2it)H)
+
c3
N3
Tr(eiHt) Tr(e−iHt) Tr(e−βH)
+
c4
N2
Tr(eiHt) Tr(e−(β+it)H)
+
c5
N3
Tr(e2iHt) Tr(e−iHt) Tr(e−(β+it)H)
+
c6
N2
Tr(e−iHt) Tr(e−(β−it)H) +
c7
N
Tr(e−βH) (D3)
Notably, while the coefficients {ci} are all non-zero, they
are not all O(1), and a careful treatment of the Haar
average is required to extract their N -dependence. For
our purposes, a detailed analysis of the N -dependence
of the coefficients will be unnecessary for extracting the
result quoted in the main text.
We assume for simplicity of presentation and without
loss of generality, that the density of states of the Hamil-
tonian, ρ(), is an even function on the interval [−2J, 2J ].
The function vanishes at the edge of this energy window
and outside of this interval. From this, and from the
form of the functions hi(β + it,H) given in Eq. (D3) we
recognize that the time-dependent piece of the OTOC
Fβ(t) = 〈V (t)W (0)V (t)W (0)β (D4)
may be factorized into the form
Fβ(t) = Fβ(∞) + 1
N
Tr(eiHt) f(β, t) (D5)
where the function f(β, t) may be written explicitly using
Eq. (D2) and (D3).
Notably, since the density of states is an even function
over the interval [−2J, 2J ], we observe that
1
N
Tr(ezH) = −2
z
∫ 2J
0
dω sinh(zω) ρ′(ω)
|0z|1∼ sinh(z0)
z |z| ρ
′(0 − |z−1|) (D6)
in the last line, we have used the fact that the domi-
nant contribution to the integral will be from the part of
the density of states where the derivative of the density of
states ρ′() is most singular. From this, we conclude that
the function f(β, t) vanishes at long times, at any tem-
perature, and that the OTOC approaches its asymptotic
value at least as fast as N−1 Tr(e−iHt), i.e.
Fβ(∞)− Fβ(t) . sin(0t)
t2
ρ′(0 − t−1) (D7)
From this, we further conclude that the scrambling time
is set by the energy scale, at which the derivative of the
density of states is most singular ts ∼ −10 .
